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ABSTRACT
We compare shadows cast by Schwarzschild black holes with those produced by two
classes of naked singularities that result from gravitational collapse of spherically sym-
metric matter. The latter models consist of an interior naked singularity spacetime
restricted to radii r ≤ Rb, matched to Schwarzschild spacetime outside the boundary
radius Rb. While a black hole always has a photon sphere and always casts a shadow,
we find that the naked singularity models have photon spheres only if a certain param-
eter M0 that characterizes these models satisfies M0 ≥ 2/3, or equivalently, if Rb ≤ 3M,
where M is the total mass of the object. Such models do produce shadows. However,
models with M0 < 2/3 (or Rb > 3M) have no photon sphere and do not produce a
shadow. Instead, they produce an interesting “full-moon” image. These results imply
that the presence of a shadow does not by itself prove that a compact object is neces-
sarily a black hole. The object could be a naked singularity with M0 ≥ 2/3, and we will
need other observational clues to distinguish the two possibilities. On the other hand,
the presence of a full-moon image would certainly rule out a black hole and might
suggest a naked singularity with M0 < 2/3. It would be worthwhile to generalize the
present study, which is restricted to spherically symmetric models, to rotating black
holes and naked singularities.
Key words: accretion, accretion discs – black hole physics – gravitation – gravita-
tional lensing: strong – Galaxy: centre – radiative transfer
1 INTRODUCTION
Currently, there is compelling evidence for the presence of
compact regions in the Universe with very large mass, and
this is interpreted as strong indirect evidence for the ex-
istence of black holes. The compact object Sagittarius A∗
(Sgr A∗) at our Galactic Center, with a mass of 4 × 106M⊙ ,
is the best example of such an object (Schodel et. al. 2002;
Ghez et. al. 2008), and there is considerable evidence for
similar objects of even greater mass at the centers of many
other galaxies (Kormendy & Ho 2013). However, direct ev-
idence for the presence of a black hole requires actual de-
tection of the event horizon, the surface that encloses the
compact interior of the black hole, and from where no ma-
terial particles or light rays can escape. A number of tests
have been proposed to confirm the presence of event hori-
zons in black hole candidates (Narayan & McClintock 2008;
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Broderick et al. 2009, 2015). The evidence is strong but, of
necessity (Abramowicz, Kluzniak & Lasota 2002), not con-
clusive.
With the purpose of strengthening the evidence for the
presence of a black hole in Sgr A∗, as well as in the nucleus of
the nearby galaxy M87, the event horizon telescope (EHT,
Doeleman et. al. 2008, 2012), an Earth-spanning millimeter-
wave interferometer, is being constructed and has begun
collecting data. While nothing escapes from the interior of
a black hole, the exterior spacetime has a photon sphere
which is predicted to create a characteristic shadow-like im-
age of the radiation emitted by an accretion flow around the
black hole (Bardeen et al. 1972; Luminet 1979; Falcke et. al.
2000). The goal of the EHT is to verify the presence of this
shadow at mm wavelengths in the image of Sgr A∗. This
would add considerably to the evidence that Sgr A∗ is a
black hole.
Typically, compact black hole-like objects in the Uni-
verse are created by gravitational collapse of matter, e.g.,
from the collapse of massive stars at the end of their life-
cycles. Having exhausted their internal nuclear fuel, these
© 2018 The Authors
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stars end up as compact stellar-mass objects. Alternatively,
clustering of matter in the central region of a galaxy may
generate a massive compact object, which may then grow
further in mass by accretion.
It is worth noting here that a major and frontier unre-
solved problem in gravitation physics, at the very founda-
tion of black hole physics and its astrophysical applications,
is showing that all physically reasonable gravitational col-
lapses end up producing a black hole only. In that case,
the spacetime singularity resulting from collapse (a neces-
sary implication of general relativity) will always be hid-
den within an event horizon, allowing no signals to be seen
from the vicinity of the spacetime singularity. The hypothe-
sis that this is necessarily so is called the cosmic censorship
conjecture (Penrose 1969). When the singularity of collapse
is not covered by an event horizon, it is called a naked sin-
gularity, which is in principle visible to faraway observers in
the Universe. The exciting prospect in the latter case is the
possibility of having observable signatures from ultra-strong
gravity regions near the singularity. Despite five decades of
serious efforts, cosmic censorship remains an unproven con-
jecture, to the extent that we do not even have a definite
mathematical formulation of the conjecture.
On the other hand, many studies of gravitational col-
lapse have been carried out and it turns out that the end
state of collapse is not necessarily always a black hole.
This important key issue was studied in considerable de-
tail in past decades (Christodoulou 1984; Ori & Piran 1987;
Choptuik 1993) and the formation of event horizons, trapped
surfaces and apparent horizons has been investigated in
different scenarios (Joshi & Malafarina 2011; Joshi 2007).
While the general theory of relativity necessarily predicts
the occurrence of a spacetime singularity as a result of col-
lapse for a wide range of initial conditions, it turns out that
the formation or otherwise of an event horizon, as well as
the actual epoch of horizon formation, are governed by the
specific regular initial conditions from which the collapse
evolves. Therefore, the final state of continual collapse turns
out to be either a black hole or a naked singularity, depend-
ing on the initial conditions and the allowed evolutions by
the Einstein equations, in many physically reasonable col-
lapse scenarios.
Recently, we investigated physically reasonable gravita-
tional collapse scenarios that end up as naked singularities
(Joshi, Malafarina & Narayan 2011, 2014), and computed
various properties of these spacetimes, such as the nature
of stable circular orbits and the spectra of accretion disks.
We found that spectra, in particular, may be helpful to dis-
criminate between black holes and naked singularities.
The study of shadows and images of compact ob-
jects has been a subject of great interest. The optical ap-
pearance of a star collapsing through its gravitational ra-
dius was first studied by Ames & Thorne (1968), and of
a star orbiting an extreme Kerr black hole was discussed
by Cunningham & Bardeen (1973). Many authors (Synge
1966; Zakharov 2014; Takahashi 2004; Hioki & Maeda 2009;
Takahashi 2005; deVries 2000; Young 1976; Yumoto et al.
2012; Shipley & Dolan 2016) have studied the characteris-
tics of shadows cast by various black holes. Structures of
shadows and images of black holes have been discussed in the
context of determining their spins and masses, and in testing
general relativity (Huang et al. 2007; Kamruddin & Dexter
2013; Johannsen & Psaltis 2010). Implications of black hole
shadows on the distribution of dark matter have been ex-
plored by Lacroix & Silk (2013). Also, Schneider & Perlick
(2018) have calculated the time-dependence of the angular
radius of the shadow in the course of formation of a black
hole from gravitational collapse.
One of the early explorations of images
and shadows cast by naked singularities was by
Nakao, Kobayashi & Ishihara (2003). They studied how
the central naked singularity that formed during the
collapse of a self-similar dust cloud, was observed by
distant observers. By investigating radial and non-radial
null geodesics emanating from the singularity, they were
able to show that the angular diameter of the image is
time dependent; it grows monotonically and approaches
the value 3
√
3M/Ro for an observer at R = Ro ≫ M. The
asymptotic value of the angular diameter comes from
the geometry of the exterior Schwarzschild region. Later,
Kong, Malafarina & Bambi (2014) studied the radiation
emitted by collapsing spherically symmetric dust clouds
evolving from different initial data, leading to both black
holes and naked singularities as end states. They found
that within their simplified model, both these objects
had very similar observational features and that it was
difficult to differentiate between them based on their light
curves. Ortiz, Sarbach & Zannias (2015) addressed how
the redshift of photons travelling from past to future null
infinity through a ball of collapsing dust could provide an
observational signature capable of differentiating between
the formation of a globally naked singularity from the
formation of an event horizon. Ortiz, Sarbach & Zannias
(2015) also pointed out that, although at late times the
image of the source perceived by the observer looks the same
in both cases, the dynamical formation of the shadow and
the redshift images has distinct features and time scales.
Effects of gravitational lensing around naked singularities
have also been investigated (Virbhadra & Keeton 2008;
Virbhadra & Ellis 2002). Shadows cast by the overspinning
Kerr geometry with its central singularity excised was
considered by Bambi & Freese (2009).
Broderick & Narayan (2006) studied the shadows and
images cast by a compact object with a thermally emit-
ting surface and compared them with those of a black hole.
They showed that, in some cases, the images could be nearly
identical. Saida et al. (2016) examined the geometry outside
compact objects modeled using a static spherical polytropic
perfect fluid and found that they admit no photon spheres
and therefore cast no shadows, allowing them to be distin-
guishable from black holes. Sakai, Saida & Tamaki (2014)
explored the subject of whether there are supercompact ob-
jects, that are not black holes, which possess unstable cir-
cular orbits of photons, and how one can distinguish them
from black holes based on their shadows. Considering the
spherical thin-shell model of a gravastar, Visser & Wiltshire
(2004) found that unstable circular orbits of photons can
appear around the gravastar, and that one could tell the
difference between a black hole and a gravastar with high-
resolution very-long-baseline-interferometry observations in
the near future. Shadows cast by horizonless exotic compact
objects such as wormholes have also been a subject of great
interest (Bambi 2013; Ohgami & Sakai 2015, 2016; Shaikh
2018).
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The purpose of the present work is to examine
shadows and images of the naked singularity models of
Joshi, Malafarina & Narayan (2011, 2014), and to compare
them with the images we expect from black holes. The goal
is to check whether the images corresponding to the two
kinds of model are clearly distinguishable. Our interesting
conclusion is that, while black holes always cast a shadow,
naked singularities may or may not, depending on the spe-
cific structure of the singularity. Therefore, while black holes
imply shadows, the converse is not true. A shadow could be
produced by certain naked singularities as well.
The plan of the paper is as follows. In §2, we briefly
review the collapse models we use here, and outline some
of their properties. In §3, we investigate geodesic motion,
unstable photon orbits and the resulting shadows. In §4,
we study gravitational lensing and relativistic images in the
various spacetimes. In §5, we consider a simple accretion
model and compute images, which we use to examine how
black holes and naked singularities could be distinguished.
We then repeat the analysis in §6 using a more realistic
accretion flow model and show that the results are largely
unchanged. We conclude in §7 with a summary of the key
results.
2 THE BLACK HOLE AND NAKED
SINGULARITY SPACETIMES
We compare images and shadows produced by a
Schwarzschild black hole with those produced by two differ-
ent naked singularity spacetimes. The latter two solutions
describe the geometry around compact objects formed from
gravitational collapse of two different types of fluids.
The first naked singularity solution, which we call
JMN-1, is formed from the collapse of matter with zero
radial pressure, and is described by the following metric
(Joshi, Malafarina & Narayan 2011),
ds21 = −(1 − M0)
(
r
Rb
)M0/(1−M0)
dt2 +
dr2
1 − M0
+r2
(
dθ2 + sin2 θdφ2
)
, (1)
where the parameter M0 is limited to the range 0 ≤ M0 ≤ 4/5
(the upper limit corresponds to the requirement that the
sound speed should not exceed unity). The matter content
of this spacetime has the following energy density ρ, radial
pressure pr , and tangential pressure pθ :
ρ =
M0
r2
, pr = 0, pθ =
M0
4(1 − M0)
ρ =
M2
0
4(1 − M0)
1
r2
. (2)
This fluid has non-zero tangential pressure, but its radial
pressure is assumed to vanish.
The second naked singularity solution, which we call
JMN-2, is the end state of collapse of a spherical cloud with
non-zero radial pressure. It describes, for example, the col-
lapse of a perfect fluid cloud with a locally varying equa-
tion of state k(r) = p/ρ (not strictly isothermal) that ap-
proaches a constant value in the neighborhood of the cen-
ter of the cloud. This spacetime is described by the metric
(Joshi, Malafarina & Narayan 2014),
ds22 = −
1
16λ2(2 − λ2) ×[
(1 + λ)2
(
r
Rb
)1−λ
− (1 − λ)2
(
r
Rb
)1+λ]2
dt2
+(2 − λ2)dr2 + r2
(
dθ2 + sin2 θdφ2
)
,
where 0 ≤ λ < 1. The expressions for the energy density
and pressure can be found in Joshi, Malafarina & Narayan
(2014). For easier comparison with the JMN-1 model, we
define a parameter M0,
M0 =
1 − λ2
2 − λ2 , (3)
which represents an alternative way (instead of λ) of
parametrizing JMN-2.
Both JMN-1 and JMN-2 contain a time-like naked sin-
gularity at r = 0 and no trapped surface forms in these
spacetime. Both solutions are matched at their outer radius
r = Rb to the Schwarzschild geometry,
ds20 = −
(
1 − 2M
r
)
dt2 +
dr2
1 − 2Mr
+ r2
(
dθ2 + sin2 θdφ2
)
. (4)
In both cases, the total mass M is given by
M =
1
2
M0Rb . (5)
The three spacetimes we consider, viz., the two naked
singularity spacetimes and the Schwarzschild spacetime, can
be written in the general form,
ds2i = − fi(r)dt2 +
dr2
gi (r)
+ r2
(
dθ2 + sin2 θdφ2
)
, (6)
where the JMN-1 spacetime corresponds to i = 1, hence
f1(r) = (1 − M0)
(
r
Rb
)M0/(1−M0)
,
g1(r) = (1 − M0), (JMN-1), (7)
the JMN-2 spacetime corresponds to i = 2 and has
f2(r) =
1
16λ2(2 − λ2)
[
(1 + λ)2
(
r
Rb
)1−λ
− (1 − λ)2
(
r
Rb
)1+λ]2
,
g2(r) =
1
2 − λ2 , (JMN-2), (8)
and the Schwarzschild spacetime corresponds to i = 0 and
has
f0(r) = g0(r) =
(
1 − 2M
r
)
, (Schwarzschild). (9)
We now briefly discuss a few technical issues that are
relevant for our study of images and shadows. First, we
address the issues of whether the JMN spacetimes satisfy
the Tolman-Oppenheimer-Volkoff equation (TOV, Tolman
1934; Oppenheimer & Volkoff 1939), which is derived by
solving the Einstein equations together with the conser-
vation equations for a general time-independent, spher-
ically symmetric metric (canonically for perfect fluids).
MNRAS 000, 1–15 (2018)
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Since the gravitational collapse process that leads to the
the above JMN spacetimes is studied by solving the Ein-
stein equations together with the conservation equations
(See Joshi, Malafarina & Narayan 2011, 2014), when a time-
invariant configuration (equilibrium) is attained, the TOV
equation must automatically be satisfied. For the JMN-
2 class of spacetimes, the TOV equation at equilibrium
is discussed and shown to be satisfied (see Eq. (27) of
Joshi, Malafarina & Narayan 2014). Here, we point out that
the JMN-1 spacetime, containing an imperfect fluid, also
obeys the anisotropic TOV equation. For the spacetime
(6) supported by the energy-momentum tensor of the form
T
µ
ν = diag[−ρ, pr, pθ, pθ ], the anisotropic TOV equation is
given by (see Eq. (21) of Chirenti & Rezzolla 2007),
p′r = −(ρ + pr )
m(r) + r3pr/2
r(r − 2m(r)) +
2
r
(pθ − pr ), (10)
where we have set 8πG = 1 and c = 1, and
gi (r) = 1 −
2m(r)
r
, 2m(r) =
∫ r
0
ρr2dr . (11)
For the JMN-1 spacetime, the energy density and pressures
are given by (2) and m(r) = 1
2
M0r. It can immediately be
checked that the TOV equation is satisfied by this spacetime.
The JMN-1 spacetime may not be physically realistic
since the radial pressure is assumed to vanish (but this as-
sumption simplifies the analysis considerably and allows sim-
ple analytical expressions). JMN-2 is more realistic since it
is supported by a fluid with isotropic pressure. The matter
for the JMN-2 can have an equation of state of the form
p = kρ, where k may not necessarily be a constant. Since
the pressure must vanish at the surface r = Rb whereas the
density may not, we must have k |r=Rb = 0. Other examples
of stable configurations, where the matter has a constant
density and isotropic pressure with a variable equation of
state, exist in the literature (see §6.2 of Wald 1984 or Eq.
(1) of Pani & Ferrari 2018).
Next, we show that the JMN spacetimes can be
smoothly matched across the r = Rb hypersurface Σ, i.e., the
metric tensor gµν and the extrinsic curvature Kab are con-
tinuous across Σ. By construction gµν is continuous across Σ
(see 6-9). To show that Kab is also continuous, we first note
that the coordinates in both the interior and the exterior are
xµ = (t, r, θ, φ), and those on Σ are ya = (t, θ, φ). Therefore, as
seen from the Schwarzschild exterior, the induced metric on
Σ is
ds2
Σ
= −(1 − M0)dt2 + R2b(dθ2 + sin2 θdφ2), (12)
where we have used (5). Also, as seen from the interior JMN
spacetimes, the induced metric on Σ is the same as (12).
This is reminiscent of the fact that the metric tensor gµν is
continuous across Σ. The non-zero components of the tan-
gent e
µ
a = ∂x
µ/∂ya on Σ are ett = 1, eθθ = 1 and e
φ
φ
= 1.
The extrinsic curvature of Σ is given by Kab = e
µ
ae
ν
b
∇νnµ,
where nµ is a unit normal to Σ. Now, as seen either from
the exterior Schwarzschild or from the interior JMN space-
times (6), the unit normal is given by nµ = (0,
√
gi (r), 0, 0).
Therefore, as seen either from the exterior Schwarzschild or
from the interior JMN spacetimes, the non-zero components
of the extrinsic curvature are given by
K tt =
f ′
i
(r)
2 fi(r)
√
gi (r)

r=Rb
, Kθθ = K
φ
φ
=
1
r
√
gi (r)

r=Rb
. (13)
Note that f1,2(Rb) = f0(Rb) = (1−M0) and g1,2(Rb) = g0(Rb) =
(1 − M0). Also, it is straighforward to show that f ′1,2(Rb) =
f ′
0
(Rb) = M0/Rb , implying that the extrinsic curvature is
also continuous across Σ. Therefore, the JMN spacetimes are
smoothly matched to the exterior Schwarzschild spacetime
at r = Rb.
The JMN spacetimes do not contain any trapping region
since (1−2m(r)/r) = 1−M0 > 0 always. However, to show that
the singularities are actually naked, we have to show that
photons emitted from the singularity, or from its vicinity,
reach faraway observers in a finite time. To this end, we
calculate both the affine time and the time measured by a
faraway static observer. Taking E = 1 (see §3), as measured
by a faraway static observer, the time taken by a radially
outgoing photon (L = 0) to travel from r to the surface is
given by
∆t = t(Rb) − t(r) =
∫ Rb
r
Ût
Ûr dr =
∫ Rb
r
1√
fi(r)gi (r)
dr . (14)
For JMN-1, this gives
∆t = t(Rb) − t(r) =
2Rb
2 − 3M0
1 −
(
r
Rb
) 2−3M0
2(1−M0)
 . (15)
Note that, for M0 < 2/3, ∆t is finite for a photon escaping
from the singularity r = 0 to reach the surface Rb. However,
for M0 > 2/3, ∆t diverges as r → 0, implying that, as mea-
sured by a faraway static observer, a photon escaping from
the singularity takes infinite time to reach the observer. For
JMN-2, we have
∆t =
2(2 − λ2)Rb
1 − λ2
[
log
2(1 + λ)
λ
− log (1 + λ)Rb + (1 − λ)r(1 + λ)Rb − (1 − λ)r
]
.
(16)
We see that ∆t is finite as r → 0, implying that a photon es-
caping from the singularity always takes finite time to reach
a faraway observer. We next calculate the affine time τ. From
(24), for radial null geodesics, we obtain
∆τ = τ(Rb) − τ(r) =
∫ Rb
r
√
fi(r)
gi (r)
dr . (17)
For JMN-1 spacetime, this becomes
∆τ =
2Rb(1 − M0)
2 − M0
1 −
(
r
Rb
) 2−M0
2(1−M0 )
 , (18)
which is finite always as r → 0, implying that a photon es-
caping from the JMN-1 singularity always reaches a faraway
observer in a finite affine time. For JMN-2, we have
∆τ =
Rb(1 + λ)2
4λ(2 − λ)
[
1 −
(
r
Rb
)2−λ]
− Rb(1 − λ)
2
4λ(2 + λ)
[
1 −
(
r
Rb
)2+λ]
,
(19)
which is again finite as r → 0, implying that a photon es-
caping from the JMN-2 singularity always reaches a faraway
observer in a finite affine time.
Thus, except for the JMN-1 spacetime with M0 > 2/3,
both the coordinate time t and the affine time τ are finite
for a photon escaping from the singularities and reaching
a faraway observer. In the case of JMN-1 spacetime with
MNRAS 000, 1–15 (2018)
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M0 > 2/3 however, even though the coordinate time t is in-
finite, the affine time τ is finite for photons emitted from
an infinitesimally close vicinity of the singularity (r ≃ 0). In
this case, the behaviour of null geodesics escaping from the
singularity is very similar to that of null geodesics escaping
from the event horizon of a Schwarzschild black hole. How-
ever, photons emitted from a finitely close vicinity (r ∼ 0)
of the singularity will take large but finite coordinate times
t to reach a faraway observer.
Finally, it is worth emphasizing that the spacetimes
we study here are merely toy models that we use to ex-
plore potential observational signatures of naked singular-
ities. At this stage of our study, we do not view astro-
physical realism as an important requirement. The main
virtue of these models is that, they are not merely exact
solutions of the steady state (time-independent) Einstein
equations (of which there are many), but we have shown
that these solutions develop via time evolution from reg-
ular initial conditions (Joshi, Malafarina & Narayan 2011,
2014). The latter is a rather stringent requirement. As is
well-known, the Schwarzschild black hole metric forms via
evolution from non-singular initial conditions, e.g., the fa-
mous Oppenheimer-Snyder model. However, none of the
other black hole solutions (Reissner-Nordstrom, Kerr) has
been shown to form in their entirety, i.e., both outside and
inside the horizon, from regular initial conditions. Similarly,
we do not believe that many of the naked singularity models
in the literature, e.g., Kerr with a > M, Reissner-No¨rdstrom
with Q > M and the Janis-Newman-Winicour naked singu-
larity have been shown to form from physically well-behaved
initial conditions. In contrast, our naked singularity solu-
tions do form from perfectly regular initial conditions, as
we have demonstrated in our previous work. We view this
as a major advantage of these models, and in this sense we
consider our models to be “physically realistic”.
3 SHADOWS OF JMN NAKED
SINGULARITIES AND SCHWARZSCHILD
BLACK HOLE
The shadow structures for the different spacetimes are de-
termined by the properties of null geodesics in these space-
times. We therefore begin with a discussion on this topic.
We consider an extended source of radiation on the far side
of the compact object. Photons from the source traverse
the spacetime of the black hole or naked singularity, get de-
flected, and reach the observer. As viewed by the observer,
we are interested in those directions for which no (or very
little) radiation is received. The union of these directions
constitutes the shadow of the gravitating object.
3.1 Geodesic motion and unstable photon orbits
The Lagrangian describing the motion of a photon in the
spacetime geometry (6) is given by
2L = − fi(r)Ût2 +
Ûr2
gi (r)
+ r2 Ûθ2 + r2 sin2 θ Ûφ2, (20)
where a dot represents a derivative with respect to the affine
parameter. Since the Lagrangian is independent of t and φ,
we have two constants of motion:
pt =
∂L
∂ Ût = − fi(r)Ût = −E, (21)
pφ =
∂L
∂ Ûφ = r
2 sin2 θ Ûφ = L, (22)
where E and L are, respectively, the energy and angular
momentum of the photon. Using the null geodesic condition
gµν Ûxµ Ûxν = 0, we obtain
1
gi
Ûr2 + r2 Ûθ2 = r
2 sin2 θE2 − fiL2
fir
2 sin2 θ
. (23)
Since our spacetimes are spherically symmetric, the shadows
and images will be circularly symmetric in the observer sky.
Thus the intensity will be a function only of the impact pa-
rameter b = L/E with respect to the center of the spacetime,
and will be independent of the azimuthal angle θ. Therefore,
we can simply choose θ = π/2, Ûθ = 0, and obtain all our re-
sults for this case. The same results can then be applied to
all θ. Setting θ = π/2 and Ûθ = 0, we obtain
fi
gi
Ûr2 + Vef f = 0, Vef f = L2
fi(r)
r2
− E2 . (24)
The impact parameter b can be related to the turning point
rt p of a photon, where Ûr = 0 and Vef f (rt p) = 0:
b =
rt p√
fi(rt p)
. (25)
This expression will be useful in our subsequent analysis.
Circular photon orbits satisfy Vef f = 0 and dVef f /dr = 0,
and we have,
x fi,x − 2 fi = 0, (26)
b2
R2
b
=
x2
fi
, (27)
where x = r/Rb , and fi,x represents differentiation of fi
with respect to x. Note that the matching surface between
the interior naked singularity spacetime and the exterior
Schwarzschild spaceime is now at x = xb = 1. The pho-
ton sphere comprises of circular unstable photon orbits, i.e.,
circular orbits that satisfy additionally d2Vef f /dr2 < 0.
Equation (26) does not have any non-trivial solution for
the two interior JMN spacetimes we are considering. There-
fore, there is no photon sphere for either interior JMN space-
time. However, the JMN spacetimes are matched on the ex-
terior to the Schwarzschild geometry, and the latter space-
time does have unstable photon orbits on a photon sphere
located at
rph = 3M, xph ≡
rph
Rb
=
3
2
M0. (28)
Therefore, the existence or not of a photon sphere in the
naked singularity models depends on the relative sizes of
xph and the matching radius xb . A photon sphere exists
whenever the following conditions, which are all equivalent,
are satisfied
Rb ≤ 3M, xph ≥ xb, M0 ≥
2
3
. (29)
MNRAS 000, 1–15 (2018)
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There is no photon sphere when M0 < 2/3, or equivalently,
when Rb > 3M.
The JMN-1 spacetime satisfies reasonable physical con-
ditions (e.g., sound speed less than unity) for the parame-
ter range 0 < M0 < 4/5. The subset of these models with
2/3 ≤ M0 < 4/5 have photon spheres, while the rest do
not. The JMN-2 spacetime is parametrised by 0 ≤ λ =√
(1 − 2M0)/(1 − M0) ≤ 1, which means that the allowed
range of M0 is 0 ≤ M0 ≤ 1/2. Thus, JMN-2 is devoid of
a photon sphere for the entire allowed range of parameter
values. It should be noted that for the cases for which pho-
ton spheres exist, they are always located in the exterior
Schwarzschild geometry. Setting x = xph = 3M0/2 in Eq.
(27), we obtain
b2
ph
=
27
4
M20 R
2
b
= 27M2, (30)
which is the same equation as that obtained for the
Schwarzschild black hole. The only difference in the case of
the JMN spacetimes is that we have the additional require-
ment, M0 ≥ 2/3 (or Rb ≤ 3M), in order to have a photon
sphere. In the above discussion, bph is the critical impact
parameter of a photon on an unstable photon orbit.
3.2 Shadows
The unstable photon orbits constitute the photon sphere,
and they define the boundary of the shadow cast by a com-
pact object. Photons from a distant source with impact pa-
rameter b larger than the critical impact parameter bph , i.e.,
b2 > 27M2, (31)
remain outside the photon sphere and reach the observer.
However, photons with impact parameters smaller than the
critical impact parameter are captured within the photon
sphere and do not reach the observer, thereby creating dark
spots in the observer’s sky. The union of these dark spots
constitutes the shadow. Therefore, the apparent shape of
the shadow projected in the observer’s sky is a circular disk
whose radius is given by the critical impact parameter bph =
3
√
3M.
Figure 1 shows the shapes of shadows cast by the JMN-
1 naked singularity and the Schwarzschild black hole. The
circles represent the outer boundaries of the shadows. In the
case of the black hole, shadows exist for all M. However,
in the case of the JMN-1 naked singularity, depending on
the value of M0, a shadow may either form (M0 ≥ 2/3), or
not form (M0 < 2/3). As we noted earlier, in the case of
the JMN-2 naked singularity there is no photon sphere, and
therefore this spacetime does not cast any shadow.
4 GRAVITATIONAL LENSING AND
RELATIVISTIC IMAGES
Since the shadows and images are the result of strong grav-
itational lensing, we now study lensing by the JMN naked
singularities. From §3, we obtain
dφ
dr
=
1
r2
√
gi (r)
1√
1
b2 fi (r) −
1
r2
, (32)
(a) JMN-1 naked singularity
(b) Schwarzschild black hole
Figure 1. Shadows cast by (a) the JMN-1 naked singularity,
matched to the exterior Schwarzschild spacetime at x = xb = 1,
for M0 = 0.75, 0.72, 0.69, 0.66, 0.63 (from outer to inner), in the
units of Rb , and (b) the Schwarzschild black hole with mass M
equal to the same set of values (from outer to inner). For M0 < 2/3,
the JMN-1 naked singularity does not cast any shadow.
where b is the impact parameter. Defining u = Rb/r, we
obtain the deflection angle
α = 2
∫ ut p
0
1√
gi
1√
1
b¯2 fi (u) − u
2
du − π, (33)
where
b¯ =
b
Rb
, ut p =
Rb
rt p
, (34)
and rt p is the turning point given by dr/dφ = 0. For the
spacetimes under consideration, the dimensionless impact
parameter b¯ is given by (see Eq. 25)
b¯ =
1
ut p
√
fi(ut p)
. (35)
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Note that when rt p = Rb, ut p = 1. Therefore, if ut p < 1, then
the photon does not enter the interior of the JMN metric. In
that case, the deflection is given by Eqs. (33) and (35) with
fi(r) and gi (r) given by the exterior Schwarzschild metric.
However, if the photon does enter the JMN metric and has
its turning point in the interior (rt p < Rb , i.e., ut p > 1), then
the deflection angle can be written as (Sahu et al. 2012)
α = 2
∫ 1
0
1√
g0
1√
1
b¯2 f0(u) − u
2
du
+2
∫ ut p
1
1√
g1,2
1√
1
b¯2 f1,2(u) − u
2
du − π, (36)
where f1,2 refer to the JMN-1 or JMN-2 models, respec-
tively, and the impact parameter b¯ is given by Eq. (35). The
first term in Eq. (36) is the contribution from the exterior
Schwarzschild geometry and the second term is that from
the interior JMN metric, αJMN1 or αJMN2.
Because of its simple form, here we focus on the JMN-1
naked singularity. As discussed in Sec 3, a photon sphere ex-
ists for M0 ≥ 2/3 and the photon sphere lies in the exterior
Schwarzschild geometry. As a result, all the photons which
participate in the image formation have their turning points
outside of the photon sphere. Therefore, in this case, there is
no difference in lensing behavior between the JMN-1 naked
singularity and the Schwarzschild black hole. On the other
hand, since there is no photon sphere for M0 < 2/3, photons
may enter the interior of the JMN-1 spacetime and experi-
ence a turning point because of the infinite potential barrier
at the singularity. Therefore, for this range of M0, there is a
clear distinction between the lensing behavior of the JMN-1
naked singularity and that of the Schwarzchild black hole.
For M0 < 2/3, the contribution of the JMN-1 spacetime
to the deflection angle, αJMN1, can be obtained analytically
by a change of variables to z = u(2−3M0)/2(1−M0). We then
obtain
αJMN1 = 2
∫ ut p
1
du√
g1
1√
1
b¯2 f1(u) − u
2
=
4
√
1 − M0
2 − 3M0
∫ zt p
1
dz√
1
b¯2(1−M0) − z
2
=
2
√
1 − M0
2 − 3M0
π − 2 sin
−1
(
rt p
Rb
) 2−3M0
2(1−M0)
 , (37)
where rt p ≤ Rb.
The analytical expression of the contribution due to the
Schwarzschild geometry in the exterior of the JMN-1 model
is the same as that of a Schwarzschild black hole and can
be found in Ohanian (1987). Figure (2) shows a plot of the
deflection angle as a function of ut p . Since a photon sphere
exists for M0 ≥ 2/3, the deflection angle diverges as the
turning point approaches the photon sphere. This divergence
is logarithmic (Bozza 2002). Therefore, theoretically, there
will be an infinite number of images just outside the photon
sphere.
For the JMN-1 naked singularity model with M0 < 2/3,
although there is no photon sphere, the deflection angle can
still be large because, depending on the impact parameter,
light rays may wind around the singularity several times.
Due to this large bending, there can be many relativistic
rings even for M0 < 2/3.
In the following, for simplicity, we assume that the ob-
server, the lens, and the distant point light source are all
aligned. We also consider that the observer and the light
source are far away from the lens. Therefore, in the ob-
server’s sky, the relativistic images will be concentric rings
(known as relativistic Einstein rings) of radii given by the
corresponding impact parameters b(rt p). These impact pa-
rameter values b(rt p) can be obtained by solving α ≃ 2πn,
where n is the ring number (Bozza 2002).
Figure 3 shows the relativistic Einstein rings in the ob-
server’s sky. In the case of the JMN-1 naked singularity with
M0 ≥ 2/3 and the Schwarzschild black hole, all the relativis-
tic images are clumped together outside the photon sphere,
which forms the outer boundary of the shadow. The radius
of the innermost image in the observer’s sky is given by the
minimum critical impact parameter bph . Photons with im-
pact parameter less than bph are absorbed by the photon
sphere. Hence, in this case, there is a shadow and many rel-
ativistic images clumped together just outside the edge of
the shadow.
As an aside we note that, besides the relativistic Ein-
stein rings discussed here, there is a standard Einstein ring
formed as a result of weak deflection of light (weak deflec-
tion occurs when M/rt p ≪ 1). For all physically reasonable
M0 values, weak deflection and the traditional Einstein ring
occur in the exterior Schwarzschild geometry. Therefore, the
traditional Einstein ring of the JMN-1 naked singularity will
be the same as that due to the Schwarzschild black hole (dif-
ferences may arise when M0 is uninterestingly small).
In the case of the JMN-1 naked singularity with M0 <
2/3, there is no photon sphere and hence there is no cap-
ture of photons. As a result, we have many distinct rings
corresponding to different relativistic images. The density
of relativistic images increases as M0 approaches 2/3. This
is illustrated in Figure 3.
The discussion so far is for a single point source aligned
perfectly behind the lens. However, in realistic situations,
we may have many light sources in different directions and
at different distances around the lens. The angular positions
of the relativistic images formed due to each source will be
different. Therefore, in the observer’s sky, there will be nu-
merous relativistic images, which might fill the gaps between
the relativistic images shown in Fig. 3. Hence, we may have
a smooth continuous image. A similar situation occurs when
the black hole or the JMN naked singularity is surrounded
by an optically thin emission region, as we discuss in the
next section.
5 SHADOWS AND IMAGES OF OPTICALLY
THIN EMISSION REGIONS SURROUNDING
BLACK HOLES AND NAKED
SINGULARITIES
The previous two sections dealt with distant sources of radi-
ation, far behind the lensing compact object. Here we con-
sider an optically thin, radiating, accretion flow surrounding
the compact object and compute the observed image. The
difference is that radiation is now emitted over an extended
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Figure 2. Deflection angle α as a function of ut p of light
rays for the JMN-1 naked singularity matched with an exte-
rior Schwarzschild geometry. The vertical dashed line shows the
boundary between the two geometries.
volume near the compact object, including regions inside the
photon sphere.
The observed specific intensity Iν0 (usually measured
in erg s−1 cm−2 str−1 Hz−1) at the observed photon fre-
quency νo at the point (X,Y ) in the observer’s sky is given
by (Jaroszynski & Kurpiewski 1997; Bambi 2013),
Iνo (X,Y) =
∫
γ
g
3 j(νe)dlprop, (38)
where νe is the emitted frequency, g = νo/νe is the redshift
factor, j(νe) is the emitter’s rest-frame emissivity per unit
volume, dlprop = −kαuαe dλ is the infinitesimal proper length
in the rest frame of the emitter, kµ is the four-velocity of the
photons, u
µ
e is the four-velocity of the emitter, and λ is the
affine parameter along the photon path γ. The subscript γ
on the integral means that the integration is evaluated along
an observed photon path γ. The redshift factor g = νo/νe is
given by,
g =
kαu
α
o
kβu
β
e
, (39)
where u
µ
o = (1, 0, 0, 0) is the four-velocity of the distant ob-
server (who is at infinity).
In the spirit of the simple spherically-symmetric space-
times we are investigating, we consider a correspondingly
simple model for the accreting gas. We assume that the gas
is in radial free fall (Bambi 2013), with its four-velocity given
by,
ute =
1
fi(r)
, ure = −
√
gi (r)
fi(r)
[1 − fi(r)], uθe = uφe = 0. (40)
The four-velocity kµ (= Ûxµ) of the photons was already ob-
tained previously. In the subsequent calculations, we will
need the following expression,
kr
kt
= ± fi(r)
√
gi (r)
[
1
fi(r)
− b
2
r2
]
, (41)
where the sign +(−) is when the photon moves away from
(approaches towards) the massive object. The redshift func-
tion g is thus given by,
g =
1
1
fi (r) −
kr
kt
√
gi (r)
fi (r) (1 − fi(r))
. (42)
For the specific emissivity, we assume the following simple
model (Bambi 2013) in which the emission is monochromatic
with emitter’s rest-frame frequency ν⋆, and the emission has
a 1/r2 radial profile:
j(νe) ∝ δ(νe − ν⋆)
r2
, (43)
where δ is the Dirac delta function. Finally, the proper
length in the emitter frame is given by
dlprop = −kαuαe dλ = −
kt
gkr
dr . (44)
Integrating Eq. (38) over all the observed frequencies, we
obtain the observed photon intensity (Bambi 2013)
Iobs(X,Y ) ∝ −
∫
γ
g
3kt dr
r2kr
. (45)
Note that the intensity map in the observer’s sky will
be circularly symmetric, with the impact parameter b of
any equi-intensity circle given by X2 + Y2 = b2. Figures 4
and 5 show intensity maps of the image of the above model
accretion flow for the Schwarzschild black hole and the two
JMN naked singularities.
We now note the qualitative differences in the shadows
and images produced by the different models. As expected,
the Schwarzschild black hole always casts a shadow (Fig.
4a), though we should point out that the intensity inside
the shadow does not quite go to zero as in the previous sec-
tions but has a small finite value (Fig. 4d). This difference is
because the accretion flow emits radiation inside the photon
sphere and a small fraction of this radiation is able to escape
to infinity.
In the case of the JMN-1 naked singularity, if the model
has a photon sphere (M0 ≥ 2/3, Rb ≤ 3M), then its shadow
and image (Fig. 4b) mimic those of the Schwarzschild black
hole. However, if the JMN-1 naked singularity does not have
a photon sphere, then it casts a “full-moon” image (Fig. 4c),
which is remarkably different from the images in Figs. 4a
and 4b. Such a difference, if observationally detected, could
greatly help distinguish a naked singularity from a black
hole.
The JMN-2 naked singularity model does not have a
photon sphere for any allowed value of the parameter λ.
Therefore, the image in this case is always a full-moon, as
illustrated in Figs. 5b and 5c.
Our results suggest that, though a naked singularity
that has a photon sphere cannot be distinguished from
a black hole through observations of the shadow or im-
age, a naked singularity that does not have any pho-
ton sphere can be. Note that naked singularities with-
out photon spheres arise when physically realistic col-
lapse models are considered, such as the JMN-2 model
(Joshi, Malafarina & Narayan 2014).
Photons emitted from the close vicinity of either JMN
naked singularity are highly redshifted. However, this is com-
pensated by the fact that the rate of emission of photons
from the accretion flow in the vicinity of the singularity is
MNRAS 000, 1–15 (2018)
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(a) M0 = 0.6, JMN-1 naked singularity (b) M0 = 0.63, JMN-1 naked singularity (c) M0 = 0.65, JMN-1 naked singularity
(d) M0 = 0.66, JMN-1 naked singularity (e) M0 = 0.7, JMN-1 naked singularity (f) Schwarzschild black hole
Figure 3. Relativistic Einstein ring images due to gravitational lensing by (a-e) the JMN-1 naked singularity with different values of
M0, and (f) the Schwarzschild black hole. The axes are in units of M .
large. The redshift of photons emitted in the forward di-
rection of the accretion flow is smaller than those emitted
in the backward direction. Therefore, although the contri-
bution of “backward photons” may be highly suppressed,
“forward photons” turn and escape (in the absence of a pho-
ton sphere), contributing to the intensity profile. The center
of the image in the observer’s sky corresponds to photons
with zero impact parameter. Such photons originate from
the close vicinity of the singularity as well as from the ac-
creting matter in between the singularity and the observer,
along the line joining them. We note also that the redshift
is irrelevant when considering the formation of shadows and
full-moon images due to distant extended sources of light, as
discussed in §3 and §4, since the blueshift suffered by a pho-
ton in going from the source to the turning point nearly can-
cels out the redshift suffered by it in going from the turning
point to a faraway observer. In that case, the total redshift
suffered by the photon is simply determined by the relative
redshift between the source and observer’s positions. When
both the light source and the observer are at large distances,
this redshift is negligible.
6 SHADOWS AND IMAGES OF MORE
REALISTIC ACCRETION FLOWS AROUND
BLACK HOLES AND NAKED
SINGULARITIES
We now describe a more realistic model of the accretion flow
with several improvements: (i) we consider a physically mo-
tivated emissivity prescription, (ii) we analyze the spectrum
of the radiation, and (iii) we avoid the assumption of opti-
cally thin emission. As we show, the results are similar to
those obtained in §5.
6.1 The model
With a view to specializing to the case of the Galactic Center
compact object Sagittarius A∗ (Sgr A∗), we consider a spe-
cific value for the mass of the central object: M = 4×106M⊙ .
As in §5, we assume a spherically symmetric accretion flow,
except that we set up the dynamics as in the Bondi accre-
tion model (Bondi 1952). Thus, we assume that the com-
pact object is embedded in a uniform external medium with
a temperature T∞ and density ρ∞. We choose T∞ = 107K,
as appropriate for Sgr A∗. For this choice, the Bondi radius,
i.e., the transition radius where the flow changes in character
from a uniform external medium to a freely-falling inner ac-
cretion flow, is rB ≈ 106M. We keep ρ∞ as a free parameter
which we adjust (thereby tuning the mass accretion rate)
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(a) M = 1.0, Schwarzschild black hole (b) M0 = 0.7, JMN-1 naked singularity (c) M0 = 0.6, JMN-1 naked singularity
(d) M = 1.0, Schwarzschild black hole (e) M0 = 0.7, JMN-1 naked singularity (f) M0 = 0.6, JMN-1 naked singularity
Figure 4. The upper row shows the image of an optically thin emission region surrounding the Schwarzschild black hole (a) and the
JMN-1 naked singularity for M0 = 0.7 (b) and M0 = 0.6 (c). The corresponding intensity distributions as a function of the impact
parameter are shown in the lower row. All spatial coordinates are in units of M .
(a) M = 1.0, Schwarzschild black hole (b) λ = 0.8, JMN-2 naked singularity (c) λ = 0.4, JMN-2 naked singularity
(d) M = 1.0, Schwarzschild black hole (e) λ = 0.8, JMN-2 naked singularity (f) λ = 0.4, JMN-2 naked singularity
Figure 5. The upper row shows the image of an optically thin emission region surrounding the Schwarzschild black hole (a) and the
JMN-2 naked singularity for λ = 0.8 (b) and λ = 0.4 (c). The corresponding intensity distributions as a function of the impact parameter
are shown in the lower row. All spatial coordinates are in units of M .
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such that the luminosity of the resulting accretion flow in
the sub-millimeter band matches the observed flux of Sgr
A∗. Finally, in the spirit of the Bondi model, and in keeping
with §5, we take the velocity profile of the accreting gas to
be given by Eq. (40), using the appropriate fi(r) and gi (r) for
each model. However, we modify the radial velocity profile
at large radii so that the velocity transitions from the stan-
dard free-fall scaling, vr ∝ r−1/2, at radii inside the Bondi
radius to vr ∝ r−2 outside the Bondi radius (as required for
a constant mass accretion rate with a uniform gas density
at large radii).
We assume that the accreting gas radiates thermal syn-
chrotron and bremsstrahlung, and that the emitted radia-
tion is Compton-scattered as it propagates out of the sys-
tem. The radiation is treated via a complete radiative trans-
fer model using the transfer code HEROIC (Zhu et. al. 2015;
Narayan et. al. 2016), with the relativistic enhancements de-
scribed in Narayan, Sadowski & Soria (2017). In this code,
a large number of ray directions is considered at each point
in the accretion flow and the relativistic radiative transfer
equation, which considers both emission and absorption, is
solved for each ray over a grid of frequencies extending from
ν = 108 Hz to 1024 Hz. HEROIC was originally written for
the Kerr spacetime, and all previous applications were re-
stricted to that spacetime. For the present application, the
code was generalized to handle the JMN-1 and JMN-2 space-
times as well.
The radiative transfer computations enable us to com-
pute the luminosity and radiative spectrum of the emerg-
ing radiation for each model. In addition, they also provide
the net cooling (if emission dominates) or heating (if ab-
sorption dominates) of the accreting gas. We include this
cooling/heating information in the energy equation of the
accreting gas to solve for the temperature profile T(r) of
the flow1. In other words, the only temperature informa-
tion we input to the model is the boundary condition at
infinity (T∞ = 107K), which sets the location of the Bondi
radius. The temperature everywhere else is obtained self-
consistently as part of the solution.
The numerical computations are done on a uniform grid
in log r, with 20 points per decade. The grid extends from an
outer radius rmax = 10
6.5M (a factor of a few larger than the
Bondi radius) down to an inner radius rmin. In the case of the
Schwarzschild black hole, we choose rmin to be just outside
the horizon, specifically, log rmin = 0.35. We assume absorb-
ing boundary conditions at the inner edge of the grid, i.e.,
any radiation that crosses the horizon is lost from the sys-
tem. For the two naked singularity models, we would ideally
like to set rmin = 0, but this is not possible because of our
use of a logarithmic grid. Hence, we use a small non-zero
value, rmin = 10
−4M, again assuming absorbing boundary
conditions.
6.2 Spectra and Temperature Profiles
Figure 6 shows spectra corresponding to five different mod-
els: Schwarzschild black hole (red curve), JMN-1 naked sin-
1 For simplicity, we assume that the gas is a single-temperature
plasma, although it is likely that the accreting gas in Sgr A∗ is a
two-temperature plasma (Yuan & Narayan 2014)
Figure 6. Spectra of models with a Schwarzschild black hole
(red), JMN-1 naked singularity with M0 = 0.7 (green, under red)
and M0 = 0.6 (blue), and JMN-2 naked singularity with λ = 0.8
(magenta) and λ = 0.4 (cyan).
Figure 7. Radial temperature profiles of models with a
Schwarzschild black hole (red), JMN-1 naked singularity with
M0 = 0.7 (green) and M0 = 0.6 (blue), and JMN-2 naked sin-
gularity with λ = 0.8 (magenta) and λ = 0.4 (cyan).
MNRAS 000, 1–15 (2018)
12 R. Shaikh et al.
gularity with M0 = 0.7 (green) and M0 = 0.6 (blue), and
JMN-2 naked singularity with λ = 0.8 (magenta) and λ = 0.4
(cyan). In each model, the mass accretion rate has been ad-
justed (by varying the density ρ∞ of the external medium)
so as to give the same luminosity, νLν = 10
34.6 erg s−1 at
ν = 200GHz (indicated by the black dot), as seen by an
observer at infinity. This is approximately the luminosity of
Sgr A∗.
As explained in previous sections, of the five spacetime
models under consideration, only two have photon spheres,
viz., the Schwarzschild black hole and the JMN-1 space-
time with M0 = 0.7. Not surprisingly, these two models
have nearly identical spectra. The primary peak at 1011 Hz
is due to thermal synchrotron radiation from hot electrons
at radii near the photon sphere. The other peaks are the re-
sult of Compton scattering, with a small contribution from
bremsstrahlung in the last peak.
The Schwarzschild model and the JMN-1 model with
M0 = 0.7 are much less luminous than the other three mod-
els (JMN-1 M0 = 0.6, JMN-2 λ = 0.8, JMN-2 λ = 0.4). The
latter three spaceimes lack photon spheres and therefore al-
low radiation to escape more easily from the interior. As a
result, they appear to be substantially more luminous, by
orders of magnitude, for an observer at infinity.
Figure 7 shows the temperature as a function of radius
for the same five models. All have essentially the same pro-
file at radii larger than a few M, where the primary physical
effect is compressive heating (ρ ∝ r−3/2 implies T ∝ r−1 at
nonrelativistic temperatures) as gas flows in from the Bondi
radius towards the center. At smaller radii (r < M), the gas
in the four naked singularity models cools to much lower
temperatures. Here the gas density is large enough that ra-
diative cooling becomes important. Although much of the
radiation is beamed towards small radii, nevertheless enough
escapes to cause an enhanced luminosity at infinity. The only
exception is the JMN-1 M0 = 0.7 model where, because of
the presence of a photon sphere, the amount of radiation
that escapes to infinity is highly suppressed.
6.3 Images and Shadows
Figure 8 shows images corresponding to the accretion models
under discussion. Only radiation with frequencies between
200 and 250GHz is considered (initial EHT results will be
at 230GHz). The results are qualitatively similar to those
shown in Figs. 4 and 5. Specifically, the Schwarzschild black
hole and the JMN-1 naked singularity with M0 = 0.7 have
well-defined dark shadows, consistent with the existence of
photon spheres in these two models. The other three models,
JMN-1 with M0 = 0.6, JMN-2 with λ = 0.8 and JMN-2 with
λ = 0.4, all have filled centers, i.e., they have “full-moon”
images, consistent with the lack of photon spheres.
We emphasize that the accretion model considered here,
which includes substantially more radiation physics, is sig-
nificantly different from that in §5. Also, the images in Fig.
8 correspond to the mm-band, whereas in §5 we considered
monochromatic emission and counted all the radiation. As a
result, there are some quantitative differences between Fig.
8 and Figs. 4, 5. The rings around the shadows are some-
what narrower in the present models, and the full-moon im-
ages are somewhat smaller in angular size. Nevertheless, the
qualitative results are very similar.
One feature that needs discussion is the dark spot at the
center of the full-moon images in Fig. 8. This is an artefact.
Because the metrics of the two JMN naked singularity space-
times have power-law behavior as r → 0, it is necessary to
use a logarithmic grid in r when computing numerical mod-
els. As a result, the grid has to be truncated at some finite
radius. For the calculations presented here, we used an in-
ner radius of rmin = 10
−4M. This is well inside the boundary
radius Rb where the naked singularity interior is matched
with the Schwarzschild exterior. Nevertheless, the trunca-
tion does result in a small dark spot at the center of the
image, caused by the missing spacetime inside rmin .
To illustrate better the effect of this truncation, the two
panels in the rightmost columnn of Fig. 8 show images cor-
responding to the same model (JMN-1 M0 = 0.6) except
that the upper panel corresponds to rmin = 10
−4M, while the
lower panel corresponds to rmin = 10
−3M. The former has a
smaller dark spot than the latter, confirming that the spot
will disappear in the limit rmin → 0.
Figure 9 shows radial profiles of the image intensity as a
function of impact parameter for the five models. The pro-
files in the mm band (left panel) are quite different from
those based on the bolometric radiation (right panel). The
latter are more similar to the profiles shown in Figs. 4 and
5 (but note that those use a linear scale whereas Fig. 9 em-
ploys a logarithmic scale).
7 CONCLUSION
In this paper, we analyzed images produced by two spheri-
cally symmetric models of naked singularities, and compared
them with the image produced by a spherically symmetric
(Schwarzschild) black hole. We showed that naked singular-
ities could, in some cases, cause shadows that are very simi-
lar to those produced by black holes, but in other cases, the
two would have very different image structures and would be
clearly distinguishable. It follows that a careful investigation
of the shadow structure will be needed before the EHT can
confirm the existence of an event horizon, and thus a black
hole, in Sgr A∗.
To expand on the above point, even if the EHT finds a
shadow in Sgr A∗, it will not conclusively establish the pres-
ence of a black hole in this object. The same shadow could
be produced by certain naked singularity models. Among
the two naked singularity models analyzed in this paper,
called JMN-1 and JMN-2, we find that JMN-1 will produce
shadows whenever the parameter M0 (see Eq. 1) lies in the
range M0 ≥ 2/3. This is equivalent to the condition that the
matching radius Rb between the naked singularity interior
spacetime and the exterior Schwarzschild spacetime satisfies
Rb < 3M, where M is the mass of the object. JMN-1 mod-
els that do not satisfy the above condition lack a shadow,
and produce what we term a “full-moon” image. The JMN-2
model produces a full-moon image for all physically allowed
choices of its parameters.
The fact that a shadow does not automatically
imply an event horizon was already emphasized by
Broderick & Narayan (2006), who showed that a model of
Sgr A∗ with a hard surface will also produce a shadow in
mm-band images. The total spectrum would, however, be
different. In particular, those authors argued that observa-
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Figure 8. Shows images in the mm band (200–250 GHz) for the accretion models described in §6. All the panels use the same (arbitrary)
color scale. Top Row: From left to right, the images correspond to the Schwarzschild black hole, JMN-1 naked singularity with M0 = 0.7,
and JMN-1 with M0 = 0.6. The dark spot at the center of the third image is because the inner edge of the grid is at r = 10
−4M rather
than at 0. Bottom Row: The left two images correspond to the JMN-2 naked singularity with λ = 0.8 and λ = 0.4, respectively. The
rightmost panel corresponds to the same model as the one above it (JMN-1, M0 = 0.6), except that the inner edge of the grid in this case
is at r = 10−3M .
tions in the infrared would easily distinguish a hard-surface
model from a true black hole, because the emission from the
surface would dominate in the infrared.
The naked singularity models that produce shadows,
viz., JMN-1 with M0 ≥ 2/3, Rb ≤ 3M, are different in that
their images and spectra at all wavelengths are nearly iden-
tical to those of a black hole (compare the red and green
curves in Figs. 6, 9). Distinguishing these models will thus
be much more difficult.
The full-moon image produced by the remaining naked
singularity models we considered is also interesting. If such
an image were observed, it would certainly rule out a black
hole. Whether or not it would confirm the presence of a
naked singularity remains to be seen since other non-black
hole models might also produce such images.
Similar results to those described in this paper are ob-
tained when we consider the Schwarzschild solution with a
scalar field, the so called JNW naked singularity spacetimes
(Janis, Newman & Winicour 1968). For a range of parame-
ter values, these spacetimes admit a photon sphere, and for
other parameter values they do not. In that case as well, the
two kinds of models produce shadows and full-moon images,
respectively. These results will be reported elsewhere.
Finally, we note that both the JMN-1 and JMN-2 mod-
els are characterized by two parameters, namely, the mass
parameter M0 and the matching radius Rb. The occurrence
of a naked singularity in these models is stable with re-
spect to variations in these two parameters, but this sta-
bility is limited since it is restricted to these specific spheri-
cally symmetric models. More generally, the mode stability
of the JMN spacetimes as well as their stability against fluid
perturbations are unproven and are currently under inves-
tigation. Because of this, the astrophysical relevance of the
specific models considered here is uncertain. On the other
hand, the qualitative results presented here regarding the
nature of images and shadows are likely common for a wide
class of naked singularity models. In this sense, however, the
theoretical implications of our results are indeed astrophysi-
cally relevant. It is important to keep this in mind, since the
EHT is already operational and collecting data. Specifically,
we emphasize that shadows are not a consequence of event
horizons, but of photon spheres. Therefore, if an object casts
a shadow, it does not have to necessarily possess an event
horizon. Currently we are working on generalizing the solu-
tions discussed here to rotating naked singularity models. It
will be physically much more realistic to compare the shadow
structure of such rotating naked singularities with shadows
produced by a Kerr black hole.
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(a) (b)
Figure 9. Left: Radial profiles of the mm band (200–250 GHz) image intensity versus the impact parameter b/M for the Schwarzschild
black hole (red), JMN-1 naked singularity with M0 = 0.7 (green, under red) and M0 = 0.6 (blue), and JMN-2 naked singularity with
λ = 0.8 (magenta) and λ = 0.4 (cyan). The solid and dashed blue lines correspond to the same model, but with rmin = 10
−4M (solid) and
rmin = 10
−3M (dashed). Right: Corresponding results when the bolometric radiation (108 − 1024 Hz) is considered. Note the change in the
vertical scale.
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